By using the Floquet eigenstates, we derive a formula to calculate the high-harmonic components of the electric current (HHC) in the setup where a monochromatic laser field is turned on at some time. On the basis of this formulation, we study the HHC spectrum of electrons on a one-dimensional chain with the staggered potential. With the help of the solution for the Floquet eigenstates, we analytically show that two plateaus of different origins, or intraband and interband dynamics, emerge in the HHC spectrum. The widths of these plateaus are both proportional to the field amplitude, but inversely proportional to the laser frequency and its square, respectively. We also show numerically that multi-step plateaus appear when both the field amplitude and the staggered potential are strong.
I. INTRODUCTION
High-harmonic generation (HHG) is the basis for the attosecond physics and has attracted renewed attention owing to its successful observations in bulk solids driven by a strong laser field [1] [2] [3] [4] [5] [6] [7] [8] [9] . These observations have revealed that the HHG in solids has characteristics different from those in atomic gases [10] . For example, the highenergy cutoff of the output spectrum scales linearly with the input field amplitude [1, 2, 4] rather than its square i.e. the laser intensity. Besides, multiple plateaus emerge in the high-harmonic output spectrum for very large amplitude [5] . To understand the microscopic mechanism of these unique features of HHG in solids, many theoretical and experimental studies are actively being conducted.
A theoretical approach to this problem is to analyze the electron dynamics in solids in the time domain. In this approach, the two-band semiconductor Bloch equation [11] [12] [13] [14] [15] [16] and the time-dependent Schrödinger equation [17] [18] [19] [20] [21] [22] [23] were numerically solved in the presence of a pulse electric field, and analysis was performed for the high-harmonic components of the electric current (HHC), which work as the source of the HHG. For both equations, the unique scaling in solids is reproduced in onedimensional models and it has been shown that the interband transition plays an important role as well as the intraband dynamics. Thus the time-domain approach has successfully reproduced the experimental observations, but it does not fit analytical approaches and it is not straightforward to obtain systematic understanding of microscopic physics. For instance, the selection rule imposed by symmetry is not manifest and it is obscure why the output spectrum has peaks at multiples of the input laser frequency.
A complementary theoretical approach is to invoke the Floquet theory [24] and analyze the electron dynamics in the frequency domain. In this approach, the input electric field is idealized to have an exact periodicity in time, and this periodicity is utilized to define the Floquet eigenstates [25] , which correspond to the solutions of the time evolution equation. For the timedependent Schrödinger equation, early studies [26] [27] [28] [29] analyzed the Floquet eigenstates and the HHC carried by them. More recently, the Floquet theory has been applied to one-dimensional systems [30] [31] [32] [33] , graphene and carbon nanotubes [34] [35] [36] , and three-dimensional systems [37] . However, it has not been discussed well how the Floquet eigenstates are related to the initial states in recent experiments. In addition, those previous studies are mostly numerical, and the characteristics of the HHG in solids have not been fully understood. There are also Floquet-theoretical approaches for the semiconductor equation [38, 39] . Higuchi et al. [38] considered the quasistatic limit of the input electric field and discussed the HHC originating from the Bloch oscillation. The high harmonics induced by this mechanism are multiples of the Bloch frequency Ω B , not the input laser frequency Ω, and this regime differs from that of the experiments in Ref. [1, 5] .
In this paper, we develop a theoretical framework based on the Floquet theory to investigate the mechanism of the HHG in solids. Considering the setup that an ac electric field with frequency Ω is turned on at some time to drive the system, we derive a formula to obtain the HHC spectrum from the Floquet eigenstates [see Eqs. (24) and (25)]. On the basis of our formulation, we then analyze the HHC spectrum of electrons on a one-dimensional chain with the staggered potential, which plays the role of the interband coupling. In the absence of the interband coupling, we analytically show the presence of a plateau in the HHC spectrum for strong field. Furthermore, we analytically show that the interband coupling induces another wider plateau, which sets in for a weaker field. We argue that the widths of both plateaus scale linearly with the field amplitude consistently with the experimental observation. A remarkable prediction of our analysis is that, for the fixed field amplitude, the widths of the two plateaus scale as Ω −1 and Ω −2 . We then numerically calculate the HHC spectrum and show that multi-step plateaus emerge when both the field amplitude and the interband coupling are strong enough.
The rest of this paper is organized as follows. In Sec. II, we introduce our model Hamiltonian and summarize the properties of the Floquet eigenstates. We also formulate how to calculate the HHC spectrum from the Floquet eigenstates. Section III summarizes the symmetry properties of the HHC spectrum. In Sec. IV, we obtain an analytic form of the HHC spectrum in the single-band limit, where the interband coupling is absent, and discuss the plateau in the spectrum. We also obtain the asymptotically exact Floquet eigenstates analytically for small or moderate field amplitude. By using these analytic forms of eigenstates, we develop in Sec. V a perturbation theory with respect to the interband coupling, and discuss the new plateau induced by the coupling. In Sec. VI, we numerically analyze the HHC spectrum where the perturbation theory is not applicable. Section VII summarizes the results with concluding remarks. In the Appendix, we provide supplemental technical details consolidating the discussions in the main text.
II. FORMULATION OF THE PROBLEM
In this section, we derive formulas for the HHC in terms of the Floquet eigenstates. We investigate a situation in which a monochromatic ac electric field is turned on at time t = 0. We solve the time-dependent Schrödinger equation by invoking the Floquet eigenstates and calculate the Fourier components of the electric current for the solution.
A. Model
For concreteness, we consider a model of electrons on a one-dimensional chain with the staggered potential. The Hamiltonian is given bŷ
whereĉ j (ĉ † j ) is the annihilation (creation) operator for the electron on the j-th site. We have ignored the spin degrees of freedom, which, if considered, only multiply the following results by the factor of 2. The length of the chain is given by 2L with an even number L (> 0), and the periodic boundary condition is imposed. The parameter t 0 denotes the transfer integral, Q is the amplitude of the staggered potential, and we restrict ourselves to the case of |Q| < 1 in this paper. In the following, the unit of energy is fixed so that t 0 = 1/2.
The Hamiltonian (1) is diagonalized in the momentum space by the Fourier transformation for two-site unit cells:
Here the distance a between the neighboring sites is set to unity, and the lattice momentum k takes the values of k = πn/L (n = −L/2, −L/2 + 1, . . . , L/2 − 1). By substituting these Fourier transforms into Eq. (1), we obtain
where σ x and σ z are the Pauli matrices. The two eigenvalues of H 0 (k) are given by
and we refer to + (k) and − (k) as the upper and the lower bands, respectively. The band gap is given by 2|Q|, which is the difference between the two eigenenergies at the Brillouin-zone boundary k = ±π/2. The effects of the time-dependent electric field E(t) is taken into account in terms of the vector potential A(t), which satisfies dA(t)/dt = −E(t). Throughout this paper, we assume that the electric field and, hence, the vector potential are homogeneous in space. The vector potential modifies the Hamiltonian (1) by the gauge-invariant Peierls substitution:ĉ † j1ĉ j2 → c † j1ĉ j2 e ieA(t)(j1−j2) , where −e denotes the electron charge. Correspondingly, Eq. (2) is replaced bŷ
where H(k, t) ≡ H 0 (k + eA(t)). We note that this timedependent Hamiltonian is diagonal in k since the vector potential does not break the translation symmetry. We remark that H(k, t) depends on A(t) in a nonlinear manner due to the Peierls substitution in contrast to the semiconductor two-band model (see e.g. Ref. [15] ), implying that H(k, t) contains the harmonics even if the input E(t) is monochromatic. The nonlinear coupling is necessary in models with a finite number of bands if we require the gauge invariance being manifest. When the electric field is weak enough, it is justified to linearize our Hamiltonian with respect to A(t). However, for an extremely strong electric field, this nonlinearity becomes relevant.
B. Time evolution
In the present work, we consider the dynamics induced by the ac electric field E(t) with frequency Ω (> 0), which is turned on at time t = 0: E(t) = −E 0 cos Ωt for t > 0 and E(t < 0) = 0. This is represented by the following vector potential:
The time dependence in the Hamiltonian (5) is now given by
for t > 0. Here the dimensionless parameter
quantifies the strength of the coupling to the input electric field and Ω B = eE 0 is the so-called Bloch frequency.
Our monochromatic input (6) has two advantages. First, the high harmonics are well defined as multiples of Ω, in contrast to polychromatic inputs such as a pulse [40] . Second, the time-dependent Hamiltonian H(k, t) (7) becomes periodic in t > 0 with period T = 2π/Ω. We will utilize this periodicity in the following to solve the time-dependent Schödinger equation. We note that the input (6) has additional symmetries A(t) = −A(T /2 + t) = −A(T − t), which imply H(−k, t) = H(k, t + T /2) = H(k, T − t).
As for the initial condition (t < 0), we consider the case that the electron density is half-filling, ĉ † jĉ j + ĉ † j+1ĉ j+1 = 1 in each unit cell, and the system is in the ground state ofĤ 0 :
where the product runs over all k's in the Brillouin zone and |0 denotes the Fock vacuum [41] . Namely, ψ 0 k corresponds to the one-particle wave function with the negative energy − (k). Then we are interested in the evolution of the many-body state
, in which each ψ k (t) obeys the one-particle Schrödinger equation
with the initial condition ψ k (t = 0) = ψ 0 k . Here we have used the fact thatĤ(t) is diagonal in k and the particle numberφ † kφ k for each k is conserved. Owing to the periodicity in time, the general solutions of the time-dependent Schödinger equation (10) are obtained by the Floquet theory [24] . The Floquet Hamiltonian is given by [42]
for each pair of integers m and n (−∞ < m, n < ∞). Here 1 is the 2 × 2 unit matrix, and J n (z) denotes the Bessel function of the first kind. The Floquet eigenstates
and E α (k)'s are the Floquet eigenvalues. The corresponding time-dependent physical state is given by
This becomes a solution of Eq. (10) and satisfies χ α (k, t+ T ) = e −iEα(k)T χ α (k, t). Although the Floquet Hamiltonian (11) has an infinite number of eigenstates, only two of them are physically independent and this number is the dimension of H(k, t). This is because, if { χ n (k)} n is a Floquet eigenstate with eigenvalue E(k), then, shifting this in the Floquet space by any integer M leads to another eigenstate {χ n+M (k)} n with eigenvalue E(k) − M Ω, and these shifted eigenstates all describe the same evolution (14) . To avoid this redundancy, we may choose the two Floquet eigenstates with eigenvalues in the interval [−Ω/2, Ω/2), for example, then they are always inequivalent. In the following, we let χ 
This expansion is always possible
, and the expansion coeffi-
Then, the solution of Eq. (10) is given by
We note that Eq. (15) holds true only for t ≥ 0, and 
C. High-harmonic current (HHC)
Here we use the solution (15) represented by the Floquet eigenstates (13) to calculate the time evolution of the electric current, which is the source of radiation. We will show that the current spectrum consists of a discrete part peaked at nΩ (n ∈ Z) and a continuous part. The former, the high-harmonic current, works as the source of HHG.
The electric current density is obtained as the expectation value of the operator
which is again diagonal in k as seen from Eq. (5). Since A(t) is periodic in time, I k (t) is also periodic and, hence, expanded in a Fourier series as
We note that I k,−n = I † k,n since I k (t) is Hermitian. The 2 × 2 matrix I k,n is given by
Equation (18) follows from Eqs. (5) and (3) and the hermiticity implies I k,−n = (−1) n I k,n = I * k,n . Evaluating the expectation value of Eq. (16) for the solution (15), we obtain
Equation (19) consists of two kinds of contributions, which are diagonal (α = β) and off-diagonal (α = β) in terms of the labels for the Floquet eigenstates [43]:
The part I H (t) corresponds to the diagonal part, and we have
This contribution only involves a discrete set of the harmonics of the input frequency Ω. On the other hand, I C (t) involves the k-dependent frequencies E α (k)−E β (k), which lead to a continuous spectrum I C (ω) in the thermodynamic limit, L → ∞. In the time domain, I C (t) decays whereas I H (t) remains to oscillate as t → ∞, and the harmonic part dominates for sufficiently large t. Thus we regard Eq. (24) as the source of the N -th order HHG and refer to I H (N ) as the HHC spectrum. According to the classical electromagnetism, the total radiation power P rad (N ) from the N -th HHC is proportional to (N Ω)
2 |I H (N )| 2 . In the following, we investigate the symmetry aspects and the N -dependence of I H (N ) rather than P rad (N ) for comparison to the related studies. One can immediately obtain P rad (N ) from I H (N ) if necessary, and the plateaus discussed below will become clearer when plotted for P rad (N ) due to the factor (N Ω) 2 . We note that Eq. (24) is a generalization of similar formulas in the literature (see e.g. Eq. (28) in Ref. [36] ). In the literature, it is assume that some of the Floquet bands are fully occupied and the quantity
is discussed. On the other hand, our formula (24) involves the weight factor |w α (k)| 2 on each Floquet eigenstate, and |w α (k)| 2 can take any value between 0 and 1. The effects of the fractional weight factor become more significant for a stronger electric field or near the Brillouin-zone boundary and the anticrossing points as shown in Fig. 1 .
III. SYMMETRY ASPECTS
Formulas (24) and (25) for the HHC based on the Floquet eigenstates have the advantage that the consequences of the symmetry are manifest. In this section, we first reproduce the important known property that I α H (N ) (26) vanishes for any even N owing to the inversion symmetry (see e.g. Ref. [29] ). Then we discuss the symmetry of the weights |w α (±k)| 2 and show that I H (N ) (24) vanishes for any even N in our choice of the vector potential A(t), although this does not hold once the initial phase of the input filed is shifted.
We begin by noting that the inversion symmetry
breaks down at time t > 0 in the presence of the electric field. However, there exists another symmetry combined with half-period time translation H(−k, t+T /2) = H(k, t) owing to A(t + T /2) = −A(t). This leads to the following symmetry for the Floquet Hamiltonian
which implies χ
for an appropriate choice of the overall phase. Together with I −k,n = (−1) n+1 I k,n , it follows from Eq. (25)
This means I α H (N ) = 0 for even N since the contributions from ±k cancel out with each other. We remark that Eq. (25) holds true also for any inputs as long as
The inversion symmetry between the weights |w α (±k)| 2 follows from yet another symmetry H(−k, T − t) = H(k, T + t), which leads to
This implies χ
with appropriate choices of the overall phases. Besides, since Eqs. (27) and (3) 
* and, hence,
for all α's. The inversion symmetry of |w α (±k)| 2 (31), together with Eq. (29) , means that the HHC spectrum (24) vanishes for even N 's.
We note that this property (31) is violated if we shift the initial phase of the input as A(t) = A 0 sin(Ωt + θ 0 ). When 0 < θ 0 < π, the time evolution for ±k occur asymmetrically, and we have χ
This asymmetry in the weights of Floquet eigenstates leads to I H (N ) = 0 for even N 's even ifĤ 0 has the inversion symmetry. In the following, we restrict ourselves to the case of θ 0 = 0 and discuss the N -dependence of the HHC spectrum for odd N 's.
IV. SINGLE-BAND LIMIT
In this section, we discuss the case where Q = 0 and the staggered potential is absent. We refer to this case as the single-band limit because we can also use the singlesite unit cell and the Brillouin zone is doubled, where each k has only one energy band cos k. However, to compare with the case of Q = 0, we keep using the two-site unit cell. At Q = 0, there occurs no transition between the upper and lower bands, and the HHC only contains the intraband contribution. Nevertheless, as discussed in Ref. [44] , the HHC are present due to the nonlinearity of the Peierls substitution, in contrast to the continuous models (see e.g., Ref. [33] ). In Sec. IV A, we calculate the HHC spectrum for Q = 0 in our formulation and obtain results consistent with Ref. [44] . In Sec. IV B, we derive the asymptotically exact eigenstates for the Floquet Hamiltonian for small |F | ( 1), which will serve as the basis for analyzing the Q = 0 case in Sec. V.
A. Intraband contribution of the HHC spectrum
In this special case of Q = 0, the time-evolution operator for Eq. (10) is exactly obtained since the Hamiltonians at different times commute with each other. In the 2 × 2 matrix form, the time-evolution operator is given by
It is noteworthy that this commutes with the current matrix [Eqs. (17) and (18)], and therefore
. It is straightforward to calculate the HHC spectrum from Eqs. (17) and (18) . Noting that the initial state ψ 0 k is the eigenvector of σ x with −1 eigenvalue, we obtain
Its k-sum vanishes for even N 's, and this is consistent with the inversion symmetry as discussed in Sec. III. For odd N 's, we obtain
We note that, for an initial state at arbitrary filling, the sum over k in Eq. (34) is restricted, and the result is multiplied by sin(πρ), where ρ is the electron density and 1/2 at half filling.
We remark that the expectation value of the current is also obtained at arbitrary time directly from Eq. (17) as
in the limit of L → ∞. One can check that the Fourier expansion of Eq. (35) reproduces Eq. (34). Furthermore, Eq. (35) implies that the HHC spectrum contains only harmonics of Ω and the continuous part does not exist, I C (t) = 0, in the single-band limit. Equation (34) implies that the HHC spectrum qualitatively changes depending on whether |F | < 1 or |F | > 1. To understand this, we note that |J N (F )| with fixed F is approximately constant for |N | |F | and rapidly decays for |N | |F |. Thus, when |F | < 1, the HHC spectrum merely decays as |N | increases. On the other hand, when |F | > 1, a plateau emerges in the spectrum and its width is given by |F |, which is proportional to E 0 and Ω −1 . These features are shown in Fig. 2 . This plateau is essentially the same as the one discovered by Pronin and coworkers [44] . However, it is not likely the one observed in the recent experiment [1] , where the harmonics up to the 25th are detected at F ∼ 5.
B. Floquet Eigenstates at |F | < 1
We will show in Sec. V that the interband coupling Q produces another plateau even when |F | < 1. For this purpose, we here derive the Floquet eigenstates χ α (k) in the single-band limit.
To obtain the Floquet eigenstates, we first calculate the Fourier expansion of the time-evolution operator U k (t). Since the exact result is very complicated, we consider the case of |F | < 1 and approximate the expansion cos(k + F sin Ωt) = n J n (F )Re[e i(k+nΩt) ] in Eq. (32) by its partial sum of −1 ≤ n ≤ 1. Within this approximation, the time-evolution operator is given by
with
Here the superscript T indicates that the truncation is performed, and we have recovered the transfer integral t 0 , which have been set to 1/2 so far. The contributions proportional to J n (F ) with |n| ≥ 2, which are O(F 2 ), are neglected in this approximation.
The solutions of the time-dependent Schrödinger equation is immediately obtained within this approximation since U T k (t) contains only σ x . By applying U T k (t) onto the eigenstates of σ x , σ x ζ ± = ± ζ ± i.e.
2, we obtain from Eq. (37)
for α = ±, where we have introduced
Comparing Eqs. (14) and (39), one finds that the two Floquet eigenvalues are E ± (k) and their eigenstates are given by
Here we have ignored the phase factor e ±iz k and this corresponds to the choice of the global phase of χ α (k, t). We note that we do not require E α (k) ∈ [−Ω/2, Ω/2) in the analytical calculations for convenience.
The above approximation is equivalent to truncating the off-diagonal elements in the Floquet Hamiltonian as
The complete set of the eigenstates χ α,M (k) of the truncated Floquet Hamiltonian H T,F (k) are defined for integer M 's as
Then they satisfy the eigenvalue equation
Now we discuss the distribution of a Floquet eigenstate over the Floquet space, or index n:
As we have seen above, this distribution is approximately constant for |n| |z k | and rapidly decays for |n| |z k |. Therefore, if Ω is smaller enough than t 0 , a plateau with width |z k | emerges in p α n (k) even for F < 1 where no plateau appears in the intraband contribution of the HHC. In other words, the width of the plateau in p α n (k) is larger than that in the intraband HHC by the factor
for Ω < t 0 , where |z k | is the k-space average of |z k |. We note that, in the single-band limit, the plateau in p α n (k) has nothing to do with the HHC spectrum. This is because the time-dependent state (39) is always proportional to either of ζ α 's and the high-harmonic terms in Eq. (39) amount to an overall phase factor. In fact, we have shown in Sec. IV A that the HHC spectrum does not show a plateau for |F | < 1, although p α n (k) can show a plateau. We will show in Sec. V, however, that the plateau in p α n (k) is converted into the HHC spectrum once the interband coupling is turned on.
We remark on the work in Ref. [38] that studied the case of quasistatic input field with frequency Ω much smaller than the Bloch frequency Ω B . This corresponds to the limit of F = Ω B /Ω → ∞ in the present study, and the Bloch oscillation occurs many times within one period of input time dependence. Although this differs from the typical situation in the present study, one can apply the present formulation without any problem also to this parameter regime, as far as the input field is periodic in time. The harmonics in output are multiples of Ω, which distribute densely in the frequency space for small Ω and one of them is very close to the Bloch frequency, N B Ω ∼ Ω B . Considering that the Floquet Hamiltonian has the largest matrix element for this harmonics N B , we expect that the output spectrum shows peaks around multiples of N B Ω, which is consistent with the result of Ref. [38] predicting harmonics of Ω B . For this regime, one needs to diagonalize the Floquet Hamiltonian with a very large dimension greater than N B , and we do not further analyze this case.
V. NEW PLATEAU INDUCED BY INTERBAND COUPLING
In this section, we study the case of Q = 0 and examine the effects of interband coupling on the HHC spectrum. We will develop an analytical perturbative approach to the effects of interband coupling Q, and mainly focus on the region of |F | < 1 since the eigenstates (43) are available. While the Q = 0 limit does not show a plateau, we will show that a plateau appears in the HHC spectrum at the order of Q 2 . Since |F | 1, we may use the truncated Floquet Hamiltonian H T,F (k) (42). We expand its eigenstates as a polynomial in Q:
where χ α,M (k) is the Floquet eigenstates in the singleband limit (Q = 0) discussed in Sec. IV B. Correspondingly, we expand the HHC spectrum for each Floquet eigenstate (25) also as a polynomial in Q:
and we will calculate I α,1
A. Perturbation Theory
The perturbation to the Floquet Hamiltonian is (49) and this interchanges the two eigenstates ζ ± of σ x . Its matrix elements between the unperturbed eigenstates are given by
Let us focus on the correction for M = 0 owing to the physical equivalence of the Floquet eigenstates. The firstorder correction ν α,0 (k) is obtained by the standard firstorder perturbation theory as
We note that |B α M (k)| also shows a plateau structure in M due to the Bessel function. When the vanishing of the denominator of Eq. (51) is ignored, the M -dependence of |B α M (k)| is approximately constant for |M | 2|z k | and rapidly decays for larger |M | as shown in Fig. 3(a) .
Although the correction ν α,0 (k) spreads over various Floquet bands, the HHC does not change at the first order of Q, or the first-order contribution to the HHC vanishes:
This is because the current matrix (18) is proportional to σ x and χ α,0 † σ x ν α,M = 0. We make a remark on the vanishing of the denominator in Eq. (51) for some k. This condition implies the resonance between two Floquet eigenstates and one needs a degenerate perturbation analysis. We show in Appendix A that this resonance actually gives contributions of O(Q). However, this contribution has the same N dependence as the intraband contribution (33) , and, hence, does not show a plateau for |F | 1.
Let us evaluate the O(Q 2 ) correction of the HHC spectrum due to the matrix elements between ν α,M 's. This is a part of I α,2 H (k, N ) and we define this as
In fact, another contribution of O(Q 2 ) comes from the second-order correction of the wave function λ α,M (k). In Appendix B, we show that its N -dependence is similar to that of Eq. (54) . By invoking Eqs. (51) and performing some algebra, we obtain
Equation (55) implies that, when 4|z k | > 1, the HHC spectrum I α,2A H (k, N ) shows a plateau for |N | 4|z k | and rapidly decays for larger |N | as understood as follows. Since we are considering |F | 1 and v n (k) ∝ J n (F ) rapidly decays as |n| increases, the sum over M is dominated by M = N + M and Eq. (55) is approximated Fig. 3(b) shows, this sum, or the overlap between B α M (k) and B α N +M (k), rapidly decays for |N | 4|z k |, whereas it changes rather slowly for |N | 4|z k | [45] . This is how a plateau appears in the HHC spectrum at the second order of the interband coupling Q. The above argument is confirmed by the numerical results shown in Fig. 3(c) , where I α,2A H (k, N ) is calculated as in Eq. (54) and plotted for a representative k and the average over k.
As a result of these analyses, we propose
as an indicator of the plateau width, or the high-energy cutoff order of the HHC spectrum. Here we have recovered the transfer integral t 0 , which has been set to 1/2. The observable of interest is actually k I α,2A H (k, N ) and 4z k depends on k. Averaging |z k | over the Brillouin zone, we obtain Eq. (56). Since the averaging is a crude approximation, the numerical factor 8/π in Eq. (56) should not be taken very seriously. Equation (56) can be used to derive the onset field strength F onset at which the plateau sets in. Whether a plateau exists or not should correspond to N cut 1 and N cut 1, respectively. Thus F onset is estimated by the condition N cut = 1, which leads to
where we have ignored the numerical factor π/4 and approximated J 1 (F ) by F/2 assuming F onset is small enough. We emphasize that F onset can be less than 1 if Ω < t 0 .
B. Scaling properties of the plateau
Now we discuss how N cut depends on the amplitude E 0 and the frequency Ω of the input ac electric field. When |F | 1, we approximate J 1 (F ) F/2 in Eq. (56) and omit the numerical factor to obtain
where we have used Eq. (8) and recovered a and that have been set to unity. Equation (58) shows that the cutoff order N cut is proportional to the amplitude E 0 rather than the power E 2 0 of the input electric field. This is consistent with the experimental observations [1] and a unique feature of the HHG in solids in contrast to that in gases.
A remarkable prediction of Eq. (58) is that the cutoff order N cut is proportional to Ω −2 rather than Ω −1 for a fixed field amplitude |E 0 |. This originates from the intrinsic property of the Floquet eigenstate χ α,M (k). As shown in Sec. IV B, this eigenstate distributes over the Floquet index and the width of the distribution is propor-
is a signature of the Floquet eigenstate, which could be tested in experiments.
We remark that the cutoff energy defined by
has a slightly different scaling. The cutoff energy is proportional to E 0 and Ω −1 . This scaling could also be tested experimentally if several frequencies for the input are available. 
C. Numerical Verification
Let us numerically verify the above analytical arguments based on perturbation theory. Figure 4 A plateau is observed for each parameter set (F, Ω) in Fig. 4 . For the F = 1.0 data, we assign from the plot the cutoff order N cut as 13 (Ω = 0.2), 17 (Ω = 0.15), and 25 (Ω = 0.1) as indicated by arrows in the figure. The ratios between these numbers are in good agreement with the analytical prediction (56), which states that N cut is proportional to Ω −1 with fixed F . We also assign N cut = 11 for the (F, Ω) = (0.5, 0.1) data, which is approximately consistent with Eq. (56).
We have also verified that the Q-dependence of the magnitude |I H (N )| is consistent with the perturbation analysis. This requires a careful treatment due to the resonances between the Floquet eigenstates as remarked in Sec. V A. We show the details of the verification in Appendix A.
VI. BEYOND PERTURBATION
In Secs. IV and V, we have analytically investigated the HHC spectrum in the two limiting cases: (i) Q = 0 and arbitrary F , and (ii) |F | 1 and small |Q|. In the other cases, we numerically calculate the HHC spectrum and show that the scalings in the limiting cases still hold if either |F | or |Q| is small, whereas a qualitative difference sets in when both |F | and |Q| become large.
First, we investigate the case of |F | ≥ 1 with very small |Q|. Figure 5(a) shows the HHC spectrum for F = 1.0 and 5.0 with Ω = 0.1 and Q = 0.01. For F = 5.0, we observe two plateaus in 1 ≤ N ≤ 5 and N ≥ 11, respectively. The first plateau originates from the intraband contribution discussed in Sec. IV since its width coincides with the value of F . The second plateau already exists at F = 1.0, and it is induced by the interband coupling. We note that the width of the second plateau does not necessarily follow Eq. (56) since the truncation of the Floquet Hamiltonian is no longer justified for F 1. Second, we discuss the case of |F | 1 with larger |Q|. Figure 5(b) shows the HHC spectrums for Q = 0.1 and 0.2 with (F, Ω) = (1.0, 0.1). They are compared with the data for Q = 0.01, for which the perturbation analysis works well. For Q = 0.1 and 0.2, the perturbation theory is no longer justified since Q is not the smallest parameter, but its results are still valid approximately. Namely, compared with the data for Q = 0.01, the plateau has almost the same width, and its height is enhanced about two orders of magnitude. Thus we conclude that the presence of the plateau induced by the interband coupling is not restricted to the region |Q| < Ω, but can be extended to |Q| > Ω for |F | 1.
Finally, we consider the case that neither |F | nor |Q| is small. Figure 5(c) shows that the HHC spectrum for Q = 0.3 and F = 3.0 is remarkably enhanced for N 30 compared with the data for F = 1.0. Moreover, in addition to the plateau in N 20, multi-step plateaus emerge as indicated by dashed lines in the figure. We also plot the data for Q = 0.01 in Fig. 5(c) for comparison. Although the enhancement of the magnitude with F is common for both Q's, the multi-step plateaus appear only for the larger Q. Thus a qualitative difference arises in the HHC spectrum when neither |F | nor |Q| is small, and an approach beyond perturbation is desired to reveal the origin of the multi-step plateaus.
We make a remark on the possible relevance of the plateaus in N 30 in experiments. Ndabashimiye and coworkers [5] have observed the HHG in rare-gas solids and reported that a new plateau emerges around N ∼ 30 as the input laser intensity is increased. This experimental observation is consistent at least apparently with our numerical results. Thus the plateaus in Fig. 5(c) merit further study.
VII. CONCLUSIONS
We have considered the setup where an ac electric field with frequency Ω is turned on at some time. In this setup, the harmonics are well defined as multiples of Ω, and the HHC spectrum have been related to the Floquet eigenstates [see Eq. (24) and (25)]. Our formulation is a generalization of similar formulas in the literature because the condition that the initial state is the ground state is taken into account by the weights of each Floquet eigenstate. In this formulation, analytical approaches are feasible, and the consequences of symmetries of the Hamiltonian are easily tractable from the Floquet eigenstates and their weights.
On the basis of this formulation, we have investigated the HHC spectrum of electrons on a one-dimensional chain with the staggered potential, which plays the role of the interband coupling Q. In the single-band limit, i.e. Q = 0, we have confirmed the result [44] that a plateau of width |F | appears owing to the nonlinearity of the Peierls substitution for strong field |F | > 1, where the dimensionless parameter F = Ω B /Ω ∝ E 0 /Ω quantifies the coupling between the electron and the electric field. It is indeed consistent with the recent experiment [1] that the width |F | is proportional to the field amplitude E 0 . However, this plateau of intraband origin is not likely the observed one because |F | is too small to explain the highest harmonics actually observed [1] .
Our new finding is that the interband coupling Q induces another wider plateau emerging from weaker field |F | < 1. On the basis of the asymptotically exact solutions of the Floquet eigenstates for Q = 0, we have shown that the width of plateau of interband origin is ξ|F |, which is proportional to E 0 and larger by the factor of ξ = t 0 /Ω from that of the intraband origin. These features seem to be consistent with the experiment [1] . Although the value ξ|F | itself obtained in our simple model cannot directly be compared with experiments, our result provides a nontrivial prediction that the width of the plateau scales as Ω −2 . Since this scaling originates from the Floquet eigenstates, it could also be an experimental signature in identifying those states.
We have numerically confirmed that our analytical results hold qualitatively as far as either the field amplitude |F | or the interband coupling |Q| is small. This condition includes the case where Ω is smaller than the band gap. We have also analyzed the case where both |F | and |Q| are large and showed that a more complex structure involving the multi-step plateaus appears in the HHC spectrum, which might be relevant in interpreting experiments and merits further systematic studies.
As a concluding remark, we should mention that several physical processes are not taken into account in our formulation. First, the correlation effects [23, [46] [47] [48] have been neglected in our model. Second, the energy dissipation to the phonon thermal bath [49] . has not been considered either, which might be relevant if the driving frequency is as low as 1THz∼ 1ps −1 . For the carrier bath, the Keldysh formalism has been employed to calculate the HHC [50] [51] [52] [53] . Third, we have treated the electric field classically. Quantum processes lead to spontaneous emission of photons [54, 55] , which is not discussed in the present work. These effects are all important and our simple model could serve as a starting point in interpreting the experimental data.
k , where the mixing of these states cannot be treated by perturbation theory with respect to Q, and must be treated exactly.
Since we are interested in the vicinity of k = k , the 2 × 2 Hamiltonian matrix within the subspace spanned by χ +, (k ) and χ −,0 (k ) is linearized in ∆k ≡ k − k , and we obtain
where 1 is the unit matrix, z k = 2J 1 (F ) sin k/Ω, and we have defined a ≡ u ∆k,
The two eigenvalues of the linearized Hamiltonian (A2) are given by
with the energy splitting
and the two-fold degeneracy is lifted by the coupling Q. We emphasize that the energy splitting is not minimal at ∆k = 0 in general. The position of minimum, which is denoted by ∆k * , is obtained by minimizing Eq. (A4) as
The position of resonance shifts by this amount due to the coupling Q. We denote by t x ± (k) y ± (k) the two eigenvectors with the corresponding eigenvalues (A3). The explicit forms of these eigenvectors are given by
Thus the appropriate Floquet eigenstates are given by
instead of χ +, (k) and χ −,0 (k) in the vicinity of resonance.
The new Floquet eigenstates χ ± (k) carries harmonic currents, which are proportional to ∆k. From Eqs. (18), (24) , and (25), we obtain
where w ± (k) are now expansion coefficients in terms of χ ± (k). This result reflects the fact that the Floquet eigenstates χ +, (k ) and χ −,0 (k ) carry harmonic currents with opposite sign.
The HHC contribution near resonance I res H (k, N ) becomes as large as O(Q 0 ) if |u ∆k| Q, although it vanishes at an exceptional point ∆k = 0, where |x ± (k)| 2 = |y ± (k)| 2 = 1/2. Thus, when summed over k, the HHC contribution near resonance amounts to O(Q) owing to the k-space volume factor of Q. We note that the k sum around ∆k does not vanish because ∆E(∆k) is not an even function of ∆k and the denominator becomes minimum at ∆k = ∆k * = 0.
The O(Q) contribution from resonance does not show a plateau for |F | 1 since it originates from the intraband contribution discussed in Sec. IV. In fact, the N -dependence of I res H (k, N ) derives from that of v N (k) and hence J N (F ). As mentioned in Sec. IV, this does not show a plateau for |F | 1.
The resonance also has higher-order contributions of O(Q 2 ). Mixing of χ ± (k) with the other Floquet eigenstates with eigenvalues differring by M Ω (M ∈ Z) is caused by Q at the first order, and this mixing leads to O(Q) contribution to the HHC spectrum. When summed over k, this contribution amounts to O(Q 2 ) due to the k-space volume factor of Q. One can show that the Ndependence of this contribution can be a plateau, but its width is about 2z k rather than 4z k obtained in Sec. V A. Thus the O(Q 2 ) contribution from resonances is not very important to determine the width of the plateau in the HHC spectrum. Let us now numerically verify the Q-dependence of the HHC spectrum for small Q. For this purpose, we define the HHC spectrum induced by the interband coupling
where I H (N, Q = 0) denotes the HHC spectrum in the single-band limit discussed in Sec. IV. According to our perturbation theory, this quantity is expanded as a polynomial in Q as
We have shown that |a N | decreases faster than |b N | and the O(Q 2 ) contribution becomes more important than the O(Q) one for larger N . Figure 6(a) shows the numerically calculated ∆I H (N ) for several Q's with F = 0.5 and Ω = 1.0. The Q-dependence of ∆I H (N ) is fitted well by a polynomial (A12) of the fourth order, and this justifies the polynomial expansion. The first-and second-order coefficients a N and b N are shown in Fig. 6(b) . This figure shows that the O(Q) contribution decreases with N faster than the O(Q 2 ) one, and this tendency is consistent with our analytical calculations. Thus these numerical data support our analysis with perturbation in Q including the resonance effects between the Floquet eigenstates.
